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Runge-Kutta methods and linear systems theory
(Toshiyuki Koto)
1.
$A=(a_{ij})_{1\leq j}i,\leq S’ b=(b_{1}, b_{2}, \ldots, b_{s})^{T}(\mathrm{q}=\Sigma^{S}j=1a_{i}j)$
$s$ Runge-Kutta $(\mathrm{R}\mathrm{K})$ .
(1.1) $\frac{du}{dt}=\lambda u(t)$ $(\lambda\in C)$
, $\mathrm{R}\mathrm{K}$ ,
(1.2) $u_{n+1}=\Gamma(h\lambda)un$
’ $r(z)=.$ $1+zb\tau(I-zA)$ -le
. , $h$ , $s$ , $e=(1,1, \ldots, 1)^{T}$
. s $r(z)$ , RK , $r(z)$
(1.3) $|r(z)|<1$ $({\rm Re} z<0)$
, RK $A$ .





, $\rho(z)$ , $r(z)$
(1.6). $r(z)= \frac{1+\frac{1}{2}\rho(\mathcal{Z}^{-1})}{1-\frac{1}{2}\rho(z^{-1})}$
. , Runge-Kutta $A$
(1.7) ${\rm Re}\rho(Z)<0$ $({\rm Re} z<0)$
, , (1.7) , , $-\rho(-z)$
.(positive real) .
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( , ) , ,
. , ,
Liapunov (
, Positive Real Lemma, , [1], 11.4 ). , $\mathrm{R}\mathrm{K}$
, .
1.1 (Scherer-M\"uller[13]) (1.4) $\rho(z)$
( , $RK$ minimal ). , $RK$ $A$
, :
(A) $\mathcal{R}$ ,
$\mathcal{R}A+A^{\tau_{\mathcal{R}-bb}\tau}\geq 0$ , $\mathcal{R}e=b$
.
, ${}^{t}\underline{b}0$ ” , ( , )
.
RK $A$ , $\mathcal{R}$ , .
, , $\mathcal{R}$ , ,
$A$ (1.3) . , $\mathcal{R}$
, ( , “ ”) , $\cdot$
. , , , $A$
. , (1.3.) , (A) ,
, $A$
, . ,
RK (delay differential equation)
$P$ , [10] (
, $[6, 11]$ ) .
2. Runge-Kutta $P$
RK (natural continuous extension, [14])
$w_{J}’(\theta)(1\leq i\leq s)$ . , $m$ ,
$t_{n}=hn$ , $h=\tau/m$ , $n\in N$.
. RK $[2, 15]$





. , $u_{n}$ $u(t_{n})$ , $U_{n}’\in C^{s}$ ,
(2.4) $W=(w_{j}(c_{i}))_{1}\leq i,j\leq s$ ,
(25) $\alpha=\lambda h$ , $\beta=\mu h$ .
.
,
(2.6) $\Omega_{P}=\{(\alpha,\beta)\in C^{2} : |\beta|<-{\rm Re}\alpha\}$ ,
, RK (2.1) .
2.1 $(\alpha, \beta)$ $S_{P}$ , $RK$ $P$ : $\det[I-$
$\alpha A]\neq 0$ , (2.2)-(2. , $m\geq 1$ ,
.
22 $P$ $S_{P}$ $\Omega_{P}$ , $RK$ $P$ .
[15] , $r_{\alpha}(z)$
(2.7) $r_{\alpha}(z)=1+(\alpha+z)b\tau(I-\alpha A-ZW)^{-}1e$ .
. Cramer , $r_{\alpha}(z)$
(28) $r_{\alpha}(\mathcal{Z})=p_{\alpha}(z)/q_{\alpha}(z)$ ,
(2.9) $p_{\alpha}(z)=\det[I-\alpha A-zW+(\alpha+z.)eb^{T}]$ ,
(2.10) $q_{\alpha}(z)=\det[I-\alpha A-\mathcal{Z}W]$
. , $\mathrm{R}\mathrm{K}$ $P$
( , [7], Theorem 22).




, [7] , Radau , Lobatto
RK ( quadrature RK ) $P$ ,
Pad\’e ([8, 9] )
33
, $P$
. , quadrature $\mathrm{R}\mathrm{K}$ , 22





(B) , , $\mathrm{R}\mathrm{K}$ , $q\geq 1$ , $C(q)$ ,
$B(q)$ , ( ) q : ,
(2.11) $E=(w_{j}’(C_{i}))_{1\leq j\leq S}i$
,
$E$ , (B) ,
.
2.3 $(A)$ $(B)$ . , 2 ,
$RK$ $P$ :
$(\mathrm{C}_{1})$ $|\zeta|<1$ , $2\mathcal{R}+\zeta \mathcal{R}E+\overline{\zeta}E^{T}\mathcal{R}\geq 0$ ;
(C2) $p_{\alpha}(-z)$ $q_{\alpha}(z)$ $\Omega_{P}$ .
, $q_{\alpha}(z)\neq 0$ . (B) , $r_{\alpha}(z)$
(2.12) $r_{\alpha}(z)=1+b^{T}Zv$ ,










, (A), $(\mathrm{C}_{1})$ (2.14)
(2.16) $(\alpha, z)\in\Omega_{P}$ $q_{\alpha}(z)\neq 0$ $\Rightarrow$ $|r_{\alpha}(z)|\leq 1$
. , (C2) , $(\alpha, z)\in\Omega_{P}$ ,
$q_{\alpha}(z)\neq 0$ . , $(\alpha_{0}, z\mathrm{o})\in\Omega_{P}$ , $q_{\alpha\text{ }}(zo)=.0$
, (C2) ,
(2.17) $\lim_{zarrow z_{0}}|r_{\alpha_{\text{ }}}(z)|=\mathrm{o}\mathrm{o}$
, $q_{\alpha_{0}}(z)$ , , (2.16) .
, $(\alpha, z)\in\Omega_{P}$ , $|r_{\alpha}(z)|<1$
. , 22 , RK $P$ .
3. $P$ Singly Implicit Runge-Kutta
23 , Burrage $[3, 4]$ Singly Implicit
Runge-Kutta (SIRK) $P$ . SIRK ,
$A$ , – RK .
, ‘ ” ,
RK .
$C(2),$ $B(2)$ 3 SIRK ,




$\gamma,$ $c_{1},$ $c_{2},$ $c_{3}$ . [3]
, 3 , ,
(3.2) $\varphi(\gamma)\equiv\frac{1}{12}-^{\mathrm{s}}\gamma+3\gamma^{2}-2\gamma^{3}=0$,
(3.3) $\Phi(c_{1}, c_{2}, c_{3})\equiv\int_{0}^{1}\prod_{=i1}(3c_{i}-\theta)d\theta=0$
, 4 . , [14], Theorem 7 , SIRK (3.1) ,




3.4 SIRK (3.1) , $A$ . ,
(3.5) $\Phi(c_{1}, c_{2}, c_{3})=\varphi(\gamma)$
, (.3. 1), (3.4) , $P$ .
(3.2), (3.3) , 4 SIRK (3.5) . , 4 SIRK
$A$ , $P$ . , ,
(3.6) $c_{1}=\gamma(2-\sqrt{2})$ , $c_{2}=\gamma(2+\sqrt{2})\backslash$ , $c_{3}=1-\gamma$ $(\gamma\in R)$
(3.5) . ,
, Burrage [4] .
SIRK (3.1) $A$ , $\gamma$
(3.7) $\varphi(\gamma)\geq 0$ ,
(3.8) $\hat{\varphi}(\gamma)\equiv(\frac{1}{3}-\gamma)(-\frac{1}{6}+\gamma)(\frac{1}{2}-\frac{9}{2}\gamma+9\gamma-26\gamma^{3)}\geq 0$
, , $1/3\leq\gamma\leq\gamma 0\equiv 1/2+\cos(\pi/18)/\sqrt{3}=1.06858\cdots$
( , [5]).




, , $\mathcal{R}e=b$ ,
(3.11) $\overline{\mathcal{R}}\hat{A}+\hat{A}^{\tau_{\overline{\mathcal{R}}-\overline{bb}}\tau}=\hat{g}\hat{g}^{T}\geq 0$
. ,
(3.12) $g\wedge=(0,$ $-\sqrt{\varphi(\gamma)},$ $2\sqrt{\hat{\varphi}(\gamma)}-6\gamma\sqrt{\varphi(\gamma)})^{T}$
. (3.1) $\prime \mathcal{R}$ , (A)
. , $\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}[\gamma I-\hat{A}, \wedge b]=3$ , $(\hat{A}, \wedge b)$
( , [12], Theorem 4.3.3). $\hat{A}$ – $\gamma$ , $\overline{\mathcal{R}}$
36
(3.11) , ([12], Theorem 5.3.1).
, $\mathcal{R}$ , (A) .
, SIRK (3.1) $\#\mathrm{h}C(2),$ $B(2)$ ,
(3.13) $E=(w_{j}’(ci))_{1}\leq i,j\leq 3$
, (B) . $V$ $\Phi(c_{1}, c_{2}, c_{3})$ ,
(3.14) $E=V\hat{E}V^{-1}$ ,
(3.15) $\hat{E}=$
. , (3.10) (3.15) ,
(3.16) $\det[2\overline{\mathcal{R}}+\zeta\overline{\mathcal{R}}\hat{E}+\overline{\zeta}\hat{E}^{T}\overline{\mathcal{R}}]$
$=2(1+{\rm Re}\zeta)[4\det[\overline{\mathcal{R}}](1+{\rm Re}\zeta)-\{\Phi(c_{1}, c_{2}, c_{3})-\varphi(\gamma)\}^{2}|\zeta|^{2}]$
, (3.5) , , $|\zeta|<1$ ,
. , $(\mathrm{C}_{1})$ , $\overline{\mathcal{R}}$ ,
: $\zeta=\zeta \mathrm{o}(|\zeta_{0}|<1)$ , $(\mathrm{C}_{1})$
,
(3.17) $2\overline{R}+\zeta\overline{\mathcal{R}}\hat{E}+\overline{\zeta}\hat{E}^{T}\overline{\mathcal{R}}$
, $\zeta=(_{0}$ . , $\zeta$ , $\overline{\mathcal{R}}$
, $|\zeta_{1}|<|\zeta 0|$ $\zeta=\zeta_{1}$ (3.17)
$(_{1}$ . , $\zeta=\zeta_{1}$ ,
.
(C2) , , 23
. $\square$
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